Abstract. We generalize a number of works on the zeros of certain level 1 modular forms to a class of weakly holomorphic modular functions whose q-expansions satisfy
Introduction and Statement of Results
Weakly holomorphic modular functions on SL 2 (Z) can be uniquely constructed to have arbitrary principal parts in their q-expansion. Given a formal power series (Throughout, q := e 2πiτ .) Using Faber polynomials F n (j) (see (7) ), which are monic degree n polynomials in the j invariant (see (4)), we can write f k (A; τ ) as a degree k polynomial in j(τ ):
A(q)
We investigate the zeros of f k (A; τ ) by extending the results of Rankin and SwinnertonDyer [7] and Asai, Kaneko, and Ninomiya [1] , who studied the zeros of Eisenstein series and Faber polynomials, respectively. To state our result, we use a bound from [1] . For τ ∈ C := {τ ∈ H : |τ | = 1, 0 ≤ Re(τ ) ≤ 1/2}, we have:
This bound is useful because j(C) = [0, 1728] ⊂ R, so the intermediate value theorem allows us to identify at least one zero in each of the k segments
Using this notation, we now state our first theorem.
, and a(n) be as above. Suppose that
Date: July 2018. Remark. This result gives equidistribution of the zeros of f k (A; τ ) with respect to Re(τ ).
Because f k (A; τ ) = P k (j(A; τ )) and j is a bijection between the fundamental domain and C, our theorem yields the following corollary.
Corollary 1.2.
Under the hypotheses of Theorem 1.1, P k (A; y) has k distinct real zeros in the interval (0, 1728).
In 2007, Witten [9] defined functions that conjecturally encode the existence of extremal conformal field theory at any central charge c = 24k with k ≥ 1. He suggested that for k ≥ 1, the generating functions for the quantum states of three dimensional gravity are given by
Theorem 1.1 and Corollary 1.2 apply to all of these Z k , as illustrated in Figure 1 . Thus we have recovered the following result of Witten [4] . Kohnen [3] proved that all of the zeros except i, e 2πi/3 of the Eisenstein series and F k (j(τ )) are transcendental. We show a similar result for f k (A; τ ). 
Preliminaries
First we briefly discuss modular functions; a general survey of these and other facts from the theory of modular forms can be found in [5] . A modular function is a meromorphic modular form of weight zero on SL 2 (Z). There are no nonconstant holomorphic modular functions, but we call a modular function weakly holomorphic if it has no poles on H.
The first example is the j-function, a weakly holomorphic modular function defined by
If we define the fundamental domain for the action of SL 2 (Z) on H by
then j : F → C is bijective. All modular functions on SL 2 (Z) are given by rational functions in j; the weakly holomorphic ones are the polynomials in j. Any weakly holomorphic modular function is fully determined by the principal part of its q-expansion. We therefore define the Faber polynomial F k (y), for an integer k ≥ 0, to be the unique polynomial satisfying
These polynomials are given [6] by the denominator formula for the monster Lie algebra:
The denominator formula plays a key role in the theory of monstrous moonshine. For our purposes, it suffices to note that F k are monic degree k polynomials with integer coefficients and that they satisfy (6).
3. Proofs 3.1. Proof of Theorem 1.1. Without loss of generality, we assume a(n) ∈ R; if not, split A into real and imaginary parts. It suffices to show that
We define an error term for τ ∈ C by
and use (2) and (3) to calculate an upper bound as follows:
For a(n) satisfying our hypotheses, we have R k (τ ) < 2 for all τ ∈ C. Thus there are at least k zeros of f k (A; τ ) on C, one on each segment C n,k of the arc. Since f k (A; τ ) = P k (A; j(τ )), P k is a real polynomial of degree k, and j is a bijection between F and C, we conclude that there are exactly k zeros of f k (A; τ ) in F and they are the ones lying on C.
3.2.
Proof of Corollary 1.3. Ono and Rolen [6] gave formulas for Z k (τ ) in terms of the partition function p(n) and Faber polynomials F n (y). In particular, a(n) = p(n) − p(n − 1) for all n ≥ 1. Kane [2, Remark, p. 15] proved an explicit version of Ramanujan's asymptotic for p(n):
The trivial estimates a(n) < p(n) and the observation a(1) = 0 then suffice to show that the conditions of the theorem are satisfied. However, we also have |τ 1 | = 1. Thus D is either −3 or −4. We observe that i, e 2πi/3 are not roots of f k (A; τ ) since |2 cos(2πk Re(τ ))| = 2 at these points. Therefore τ 0 is transcendental.
